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Abstract
We give a very simple method for finding the exact analytical solution for the problem of a par-
ticle undergoing diffusive motion on a flat potential in the presence of a gaussian sink function.
The diffusion process is modelled by using one dimensional Smoluchowski equation. Our method
provides solution in Laplace domain. Our solution can be used to analyze several related problems
involving diffusion-reaction systems.
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Diffusion-reaction system has a long history as an important topic of both theoretical and
experimental research [1–12]. The most commonly used model of diffusion-reaction system
use the one dimensional Smoluchowski equation modified by the addition of a sink term
[2–12]. Different varieties of sink functions are used to model different problems. Among
those sink functions, the most popular ones are, pinhole sink, gaussian sink [14], lorentzian
[15], Dirac delta function sink [17–19], and exponential sink [20]. Among all these sinks,
only the case with Dirac delta function sink has analytical solution [21]. In the following,
we derive the exact analytical solution for the case with Smoluchowski equation for flat
potential with an gaussian sink of arbitrary strength and position. As our model is most
suitable for understanding the problem of electronic relaxation of a molecule in polar solvent,
we now mention this problem in brief. Molecular configuration of a molecule in polar solvent
does random walk on both the ground and excited electronic state potential energy surface.
Molecule can be placed on the electronically excited state potential energy surface by the
application of light. The electronically excited molecule can get relaxed by radiative decay
process and by non-radiative decay process [15]. It is known that the rate of radiative decay
is same from all the molecular configurations [15] and the non-radiative decay is possible
only from certain specified molecular configurations [11]. As incorporating the effect of
radiative decay process is trivial in the diffusion-reaction model and it can be done at the
end of all the calculations, if required. Here we consider the case where non-radiative decay
is the only possible way of electronic relaxation. One dimensional Smoluchowski equation
is used to model the random change of the molecular configurations and the non-radiative
decay process is modeled by adding a molecular configuration dependent sink term to the
same equation. In the following we use the variable x to denote molecular configurations,
therefore the problem can be thought of as a particle diffusing in flat potential in presence of
a sink function and the corresponding probability distribution obey the following modified
Smoluchowski equation as given below
∂P (x, t)
∂t
=
(
D
∂2
∂x2
− k0S(x)
)
P (x, t), (1)
where P (x, t) is the probability that the particle can be found at x at time t, S(x) represent
the position dependent sink function, and k0 represent the non-radiative decay rate constant
and D represents the diffusion constant. Analytical solution of this model was possible only
if one uses point sink (sink is non-zero only at one value of x) model for the sink term
2
[15, 17]. In the following, we will use a gaussian sink function i.e., S(x) = e−α(x−xc)
2
and we
will derive an analytical expression for survival probability in the Laplace domain. We first
define Laplace transformation of P (x, t) as given below
P˜ (x, s) =
∫
∞
0
P (x, t)e−stdt. (2)
Laplace transformation of Eq. (1) yields the following equation
sP˜ (x, s)− P (x, 0) = D∂
2P˜ (x, s)
∂x2
− k0e−α(x−xc)2P˜ (x, s). (3)
The initial probability distribution on the electronically excited state P (x, 0), can be assumed
to be the same as it was in the ground electronic state just before excitation (with the Franck-
Condon assumption) using electromagnetic radiation of appropriate frequency. Therefore,
Eq. (3) is now modified as
s˜P˜ (x, s˜) = D
∂2P˜ (x, s˜)
∂x2
+ δ(x)− k0e−α(x−xc)2P˜ (x, ω). (4)
It is convenient to start with the following equation
s˜P˜ (x, s˜)− P (x, 0) = −D∂P˜ (x, s˜)
∂x
+ k0e
−α(x−xc)2P˜ (x, s˜). (5)
Now we solve this equation for k0 = 0, for the initial condition given by
P (x, 0) = δ(x). (6)
The equation for all values of x other than x = 0 is given by
s˜P˜ (x, s˜) = −D∂P˜ (x, s˜)
∂x
+ k0e
−α(x−xc)2P˜ (x, s˜). (7)
Now we solve this equation for k0 = 0 and the solution is given by
P˜ (x, s˜) = A0e
−
s˜x
D . (8)
This solution becomes 0 as x → ∞. Now instead of Eq. (7), if we solve the following
equation
s˜P˜ (x, s˜) = D
∂P˜ (x, s˜)
∂x
− k0e−α(x−xc)2P˜ (x, s˜). (9)
For k0 = 0 and the solution is given by
P˜ (x, s˜) = A0e
s˜x
D . (10)
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This solution becomes 0 as x→ −∞. Now we solve Eq. (4) for k0 = 0, with the same initial
condition and for all values of x other than 0, the solution which becomes 0 as x → ∞ is
given by
P˜ (x, s˜) = A0e
−
√
sx√
D . (11)
and the solution which becomes 0 as x→ −∞. is given by
P˜ (x, s˜) = A0e
√
sx√
D . (12)
Therefore if we replace D of Eq. (8) by
√
Ds˜, we get Eq. (11) and if we replace D of Eq.
(10) by
√
Ds˜, we get Eq. (12). So in the following we solve Eq. (7) and in the solution we
will replace D by
√
Ds˜ to get the solution of Eq. (4) for all values of x other than 0 - the
solution which becomes 0 as x→∞.
P˜ (x, s˜) = Ae
−s˜x+
√
pik0Erf(
√
α(x−xc))
2
√
α√
Ds˜ . (13)
So in the following we solve Eq. (9) and in the solution we will replace D by
√
Ds˜ to get
the solution of Eq. (4) for all values of x other than 0 - the solution which becomes 0 as
x→ −∞.
P˜ (x, s˜) = Ae
s˜x+
√
pik0Erf(
√
α(x−xc))
2
√
α√
Ds˜ . (14)
Therefore the solution of Eq. (4) for all values of x other than 0 - the solution which becomes
0 as x→ ±∞ is given by
P˜ (x, s˜) = Ae
−s˜|x|+
√
pik0Erf(
√
α(x−xc))
2
√
α√
Ds˜ . (15)
Therefore the solution of Eq. (4) for all values of x is given by
P˜ (x, s˜) =
1
2s
e
−s˜|x|+
√
pik0Erf(
√
α(x−xc))
2
√
α√
Ds˜ . (16)
The survival probability in Laplace domain Q(s) can be obtained by integrating P˜ (x, s) over
all values of x as given by,
Q˜(s) =
∫
∞
−∞
dxP˜ (x, s). (17)
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I. CONCLUSIONS
We give an exact solution for the problem of electronic relaxation in solution modeled by a
Smoluchowski equation for flat potential, with a gaussian function sink. The solution can
be used to solve several related problems of diffusion-reaction systems.
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